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Bonds between neighboring atoms in a solid are imperfect harmonic oscillators. Through 
consideration of the nonlinearities, it is shown that vacancy-interstitial defect pairs can be 
described in terms of phonon dynamical variables. The effective spring constants are deter-
mined by self-consistency requirements. An inhomogeneous solution is found to the equa-
tions of the self-consistent spring constants; it describes an atom breaking its bonds to its 
neighbors, resulting in a defect pair. 
PACS numbers: 63.20.Mt,61.70.Bv 
The usual picture of a vacancy starts with an atom 
in a potential well of depth Vo due to its neighbors. 
When the Boltzmann factor exp( - Vol kT) be-
comes appreciable, the atom is capable of jumping 
out of the well, becoming an interstitital (atom), 
and leaving behind a vacancy.l Although the two 
defects can recombine, they both have significant 
diffusion coefficients and, therefore, a finite proba-
bility of breaking apart. 
While this picture is reasonable, it is flawed. The 
natural description of the motion of an atom in a 
previously homogeneous solid has to involve the 
collective phonon modes, even though the poten-
tials are only approximately harmonic. Our pro-
cedure is to examine the small oscillations about 
self-consistent solutions. We find that there is a 
homogeneous solution which maintains the point-
group and translational symmetries found at T = O. 
But the partition function also has contributions 
from symmetry-broken collective states, in which a 
small fraction of the atoms acquire a large ampli-
tude of motion, sufficient for the creation of de-
fects. The process by which this occurs can be un-
derstood without much calculation. The present pa-
per is intended to be an introduction into the topic, 
while detailed applications to real solids are relegat-
ed to future publications. However, before turning 
to the study of defects, let us examine the homo-
geneous solid to see why an excited large-amplitude 
solution which is also found in this situation must 
be discarded. 
Homogeneous lattice.-The homogeneous case 
serves to illustrate the methodology, which is a gen-
eralization of the "quasi harmonic approximation" 
where3 
(e lkr) =exp( - +k2(r2»). 
used in the study of anharmonic solids.2 We start 
by defining an effective temperature-dependent in-
teratomic potential function Vr(g). having depth 
Wo and an effective spring constant (curvature) 
Kerr. by performing thermal averages (denoted by ( ... ») over the bonds connecting each atom at Ri 
to its z nearest neighbors at Ri+ll: 
(1) 
Wo is a measure of the average potential energy; 
Kerr. of the (thermally averaged) restoring forces. 
While the former increases with T, the latter gen-
erally decreases. Although exceptions may be 
found for certain complicated potential functions, 
the prototype shallow-well Gaussian potential 
demonstrates such features nicely. We take it of 
the form 
V(r) = tKoaJ (1- exp[ - (2r/ ao)2]). (2) 
with ao the presumed equilibrium lattice constant, 
and r the deviation of the bond length from its op-
timal value. Let us apply the same analysis which 
successfully explains the Debye-Waller factor in x-
ray scattering,3 and examine the Fourier com-
ponents: 
exp[ - {2r/ ao)2] 
- (4 )-1/2J oo dk ikr -(/cao/4)2 
- ao 1T e e . 
-00 
(3) 
Then, the appropriate Vr in this case is 
(4) 
(5) 
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The thermal motions (,2), the phonon potential 
energy u ( T,y) stored in the bond under examina-
tion, and the effective spring constant Keff are relat-
ed as follows: 
(6) 
The Debye theory yields an explicit expression for 
u ( T,y) which we find useful: 
u(T,y)=tkTD(Or/Ty) + 136kOr/y, (7) 
where 00 is the Debye temperature of the lattice in 
question with all spring constants K o, and y takes 
explicit account of the fact that the bonds have 
weakened to the value K eff. As the phonon spec-
VT(~) = tKoaJ (1- g( T)exp( - [2g( T)t;/ aoP»), 
where we have defined a useful auxilliary quantity 
g( T,y): 
(11) 
By (6)-(8) we can determine g( T,y) in terms of T 
and y explicitly. On the other hand, expansion of 
VT in powers of e yields expressions for the effec-
tive potential depth, 
Wo=tKoaJ[1-g(T»), (12) 
and for the spring constant K eff= KoY- 2, 
(13) 
So while (11) yields g(T,y) as a function of y, (13) 
gives y as a function of g. The simultaneous solu-






y- 1+ 1 2 ' 
TKOaO 
(14) 
plotted schematically in Fig. 1. This equation either 
has two solutions, or it has none. We can estimate 
the temperature TO above which it has no solution, 
for solids in which the zero-point motion is not too 
important, i.e., if TO> 00, by assuming u ( TO,y 0) to 
have achieved its asymptotic value, t kTo. It then 
follows from some straightforward analysis that 
kTO= (0.096225)tK oaJ, 
yO = 2.2795. (15) 
TO is an upper bound to the sublimation tempera-
ture in this model. The value of yO indicates that 
once Keff ::; t Ko no self-consistent quasiharmonic 
approximation is possible. 
Below TO, if we try to solve (14) by iteration we 
trum scales with Kifl, we have used Oo/y in (7) in-
stead of the usual 00 , defining 
y = [Ko/ KeffP/2. (8) 
The Debye function D (x) is the tabulated func-
tion4 
D(x) = (3/x3 ) fox dt t3(e t _1)-1, 





To obtain Keff or, what is equivalent, y, we evaluate 
(4): 
(10) 
discover that any y (n) in the range (0 ,Yl) leads to a 
value y(n+l), 
I ]3/4 8u(n)y[n) Y(n+l)= 1+ 1 2 ' TKOaO (16) 
which is closer to the ultimate stable fixed point Yo. 
Yo is seen to be the smaller of the two possible solu-
tions. The solution Yl of Eq. (14) is unstable. It is 
easy to verify that any y (n) > Yl leads to a y (n + I) 
which is greater still, leading ultimately to 00, while 
any Yen) less than Yl leads to the stable fixed point 
at Yo. This behavior, indicated by arrows in Fig. 1, 
is indicative of the nonlinear dynamics. The stable, 
~ __ -L ____ ~ ____ ~ __ ~ ____ ~y 
FIG. 1. Schematic solution of Eq. (14) showing stable 
solution Yo and unstable solution Yl. At TO these merge, 
and above TO, iteration of Eq. (14) leads to y = 00. Thus, 
there is no stable self-consistent quasiharmonic solid for 
T;;,: TO. 
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homogeneous, isotropic solution corresponding to Yo is stable until it merges with the unstable solution 
Yl = Y ° at a temperature TO. Above that, only the gas phase is stable. 
The energies corresponding to the various fixed points Yo, y\, and 00 are 
(17) 
in ascending order. These are energies per bond. Thus, the Boltzmann factor giving the relative probability 
of YI is 
which is effectively zero in the thermodynamic 
(N- 00) limit. Consequently, the Y\ solution is 
prohibited thermodynamically as well as dynamical-
ly. 
In the next section, we shall see that there is a 
contribution to the partition function from isolated 
atoms. There is no factor N in the exponents; 
therefore, these symmetry-broken solutions are 
present at finite T. 
Symmetry breaking.-Suppose a given atom is 
selected as candidate for a defect. The spring con-
stant k connecting it to each of z nearest neighbors 
is presumed weakened by a common amount rela-
tive to the bulk value Keff found in the preceding 
section. 
We can avoid the use of complicated scattering 
theory for phonons5 by restricting the analysis to 
temperatures T> (Jo. By equipartition, the poten-
tial energy of the phonons in each defect bond, ft, 
just equals the bulk values u (T) which itself is ap-
proximately tkT in this temperature range. Thus, 
the defect spring parameter and thermal averaged 
motion are related by 
tk(,2)=ft=u=tkT (19) 
We define 
y = (Keff/ k)1/2 (20) 
as the defect spring parameter. Then the self-




yYo= 1+ 'K 2 
2" oao 
(21) 
It admits the homogeneous solution y = 1 trivially, 
and a second, nontrivial solution, 
(22) 
corresponding to the unstable solution in Fig. 1. 
Unlike the situation for the homogeneous solid, 
such localized defects do contribute to the partition 
function. The energetic cost for each of z broken 
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(18) 
nearest-neighbor bonds is finite, given in Eq. (17), 
and we obtain for the relative probability of the 




P defect = exp - 16 kT ' 
(23) 
which represents, therefore, the concentration of 
defects. The activation energy for escape is thus 
Vo= (z/16)Koa6 (Yo- 2/3 - Yl- 2/3 ), (24) 
temperature-dependent quantity. Its calculation 
from Eq. (14) supplies a microscopic basis for the 
quantity Vo mentioned in the introductory para-
graph. We should not rely on such expressions 
near TO, where Vo- 0, for there the interaction 
among defects would play an important role. How-
ever, it is expected that melting usually occurs at a 
temperature Tm < TO. If the density of vacancies at 
Tm is still low, the above should give a reasonable 
account of it. 
In summary, we have found a description of non-
linear phenomena such as the formation of defect 
pairs using the familiar formalism of phonons. This 
requires the use of collective parameters k or Keff 
which are determined self-consistently. In future 
work, we intend to show how these are related to 
other properties of the solid. 
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